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Nash Equilibrium

Nash Equilibrium (NE) assumes
agents have correct beliefs about other agent’s behavior
agents best respond given their beliefs

These assumptions are often violated
unobservable variables (weather, temperature, framing...)
cognitive limitations, lack of attention/willpower
social preferences
etc.
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“Improve on NE?”

Critics of NE typically point out that it is not always
congruent with reality
But is this the only criterion that a “good” theory has to
satisfy?

Stigler (1965) proposes 3 criteria to evaluate economic
theories:

Congruence with Reality
Tractability
Generality
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Centipede Game

Centipede Game: McKelvey and Palfrey (1992)

806 R. D. MCKELVEY AND T. R. PALFREY 

niques. This enables us to estimate the number of subjects that actually behave 
in such a fashion, and to address the question as to whether the beliefs of 
subjects are on average correct. 

Our experiment can also be compared to the literature on repeated prisoner's 
dilemmas. This literature (see e.g., Selten and Stoecker (1986) for a review) 
finds that experienced subjects exhibit a pattern of "tacit cooperation" until 
shortly before the end of the game, when they start to adopt noncooperative 
behavior. Such behavior would be predicted by incomplete information models 
like that of Kreps et al. (1982). However, Selten and Stoecker also find that 
inexperienced subjects do not immediately adopt this pattern of play, but that it 
takes them some time to "learn to cooperate." Selten and Stoecker develop a 
learning theory model that is not based on optimizing behavior to account for 
such a learning phase. One could alternatively develop a model similar to the 
one used here, where in addition to incomplete information about the payoffs of 
others, all subjects have some chance of making errors, which decreases over 
time. If some other subjects might be making errors, then it could be in the 
interest of all subjects to take some time to learn to cooperate, since they can 
masquerade as slow learners. Thus, a natural analog of the model used here 
might offer an alternative explanation for the data in Selten and Stoecker. 

2. EXPERIMENTAL DESIGN 

Our budget is too constrained to use the payoffs proposed by Aumann. So we 
run a rather more modest version of the centipede game. In our laboratory 
games, we start with a total pot of $.50 divided into a large pile of $.40 and a 
small pile of $.10. Each time a player chooses to pass, both piles are multiplied 
by two. We consider both a two round (four move) and a three round (six move) 
version of the game. This leads to the extensive forms illustrated in Figures 1 
and 2. In addition, we consider a version of the four move game in which all 
payoffs are quadrupled. This "high payoff" condition therefore produced a 
payoff structure equivalent to the last four moves of the six move game. 

1 2 1 2 6.40 

fT 1T fT fT P 1.60 
0.40 0.20 1.60 0.80 
0.10 0.80 0.40 3.20 

FIGURE 1.-The four move centipede game. 

I 2 14 2 1 2 25.60 
. P P P0 P P P 6.40 

fT fT fT fT fT fT 26 

0.40 0.20 1.60 0.80 6.40 3.20 
0.10 0.80 0.40 3.20 1.60 I2.80 

FIGURE 2.-The six move centipede game. 

What is the unique subgame-perfect equilibrium of this
game?

Play T at all nodes

How many pairs of subjects play T at the first node?
0.7%
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Centipede Game

Why do subjects fail to play the subgame-perfect NE?

Concern for Efficiency?
Social Preferences?
How could we modify the design if we want to rule out
these motives?
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Centipede Game

An Experimental Study of Constant-sum Centipede Games 

2 Experimental Design 

271 

The constant-sum centipede game we study is a two player game that can be 
described as follows. The game involves a fixed amount of money ($3.20) which is 
initially divided into two equal-size piles ($1.60 each). Player one has the first 
move, and can choose to take one of the piles or to pass. If the first player takes 
a pile, the other (equal-size) pile is given to the second player and the game ends. If 
the first player passes, one fourth of one pile is moved to the other pile, and it is the 
Second player's move. The second player now has the option of taking the big pile 
and thus leaving the small pile for the first player, or choosing to pass. If the 
second player passes, one fourth of the small pile is moved to the big pile, and the 
move returns to the first player. This continues for a predetermined number of 
moves by each player. Every time a player passes, one fourth of the small pile is 
moved to the large pile. The game ends as soon as either of the players chooses to 
take the big pile. 

We examined two different game lengths. The first game consists of three 
"innings," for a total of six moves in the whole game. The second game consists of 
five innings, for a total of ten moves. The extensive forms of the ten and six move 
games are shown in Figures 1 and 2, respectively. 

We conducted a total of nine experiments--three experiments on each of three 
different subject pools. The three subject groups used were students'from Caltech, 
Pasadena City College, and the University of Iowa. Experiments involving the 
first two subject groups were conducted at the Caltech Laboratory for Experi- 
mental Economics and Political Science. The third group of experiments were 
conducted at the University of Iowa. The three experiments in each group 

1 P 2 P 1 P 2 P P 2 P 1 P 2 P 1 P 2 

1.60 1,20 2.30 0.68 2.69 0.38 2.92 0.21 3.04 O. 12 
1.60 2.00 0.90 2.52 0.51 2.82 0.28 2.99 0.16 3.08 

Fig. 1. A ten-move constant-sum centipede game 

3.11 
0.09 

1 P 2 P 1 P 2 P 1 P 2 P 

I, 
1.60 1.20 2.30 0.68 2.69 0.38 
1.60 2.00 0.90 2.52 0.51 2.82 

Fig. 2. A six-move constant-sum centipede game 

2.92 
0.28 

This experiment is reported in Fey et al. (1996)
Social preferences or efficiency concerns are unlikely to
play an important role in this version
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Centipede Game: Experimental Design

3 sessions with 18-20 subjects each
10 periods per session
3 different universities: Caltech, University of Iowa, PCC
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Centipede Game: Results

An Experimental Study of Constant-sum Centipede Games 

Table 2. Proportions of matches ending at each outcome 

273 

Exp. Number of Passes* 
# 0 1 2 3 4 5 6 7 8 9 10 

1 .57 .31 .11 .00 .01 0 0 0 0 0 0 
CIT-10 (57) (31) (11) (0) (1) 0 0 0 0 0 0 

2 .51 .36 .12 .00 .01 0 0 0 0 0 0 
fIT-10 (51) (36) (12) (0) (1) 0 0 0 0 0 0 

3 .60 .28 .12 0 0 0 0 0 0 0 0 
UI-IO (60) (28) (12) 0 0 0 0 0 0 0 0 

4 .38 .36 .18 .06 .01 .00 .01 0 0 0 0 
UI-10 (38) (36) (18) (6) (1) (0) (1) 0 0 0 0 

5 .42 ,40 .09 .05 .02 .02 0 0 0 0 0 
PCC-10 (34) (32) (7) (4) (2) (2) 0 0 0 0 0 

6 .22 .23 .26 .13 .08 .06 .01 .00 .00 .01 0 
PCC-10 (22) (23) (26) (13) (8) (6) (1) (0) (0) (1) 0 

Pooled .45 .32 .14 .04 .02 .01 .003 .00 .00 .001 0 
10 move (262)  (186)  (86) (23) (13) (8) (2) (0) (0) (1) 0 

7 .62 .31 .07 0 0 0 0 
CIT-6 (62) (31) (7) 0 0 0 0 

8 .77 .23 0 0 0 0 0 
UI-6 (77) (23) 0 0 0 0 0 

9 .33 .48 .15 .02 .01 0 0 
PCC-6 (27) (39) (12) (2) (1) 0 0 

Pooled .59 .33 .07 .007 .003 0 0 
6 move (166) (93) (19) (2) (1) 0 0 

* The number in parentheses is the number of observations at that node in the game tree. 

T w o  features  of  the  d a t a  are  i m m e d i a t e l y  a ppa ren t .  Fi rs t ,  subjects  f r equen t ly  
do  n o t  p lay  the  u n i q u e  N a s h  e q u i l i b r i u m  p red i c t i on  of  t a k i n g  at  the  first m o v e  (as 
l i t t le as 22 % of  the  t ime  in  o n e  of  the  exper iments) .  Second,  there  is s o m e  v a r i a t i o n  
in  o u t c o m e s  across  e x p e r i me n t s  t ha t  seems to  be  l i nked  to the  differing subjec t  
pools .  F r o m  T a b l e  2 we see t ha t  overal l ,  av e r ag ing  across  all expe r im en t s  a n d  all 
matches ,  s l ight ly less t h a n  hal f  of  the  o b s e r v a t i o n s  c o r r e s p o n d  to  the  N a s h  
equ i l i b r ium.  E v e n  in  e x p e r i m e n t  #8 ,  the  m o s t  f avorab le  f rom the  s t a n d p o i n t  
of the  g a m e  theore t ic  p red ic t ion ,  in  n e a r l y  a q u a r t e r  of the  m a t ches  there  was  a t  

The table contains the fraction of 281 subject pairs playing
T for each possible node. In parentheses: Number of
observations for each node.
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Matching Pennies

Just like in the centipede game, matching pennies has only
one Nash equilibrium. As a result, it is suitable to test
whether NE is consistent with reality.
Moreover, the NE in matching pennies is mixed

It is not obvious that people are able to randomize
When asked to produce random sequences, subjects
typically produce sequences with too few long runs.
It is not easy to find out how another player randomizes -
unless there is repeated interaction. Therefore, it is sufficient
if players believe the other player randomizes using
equilibrium probabilities

Instead of assuming individual players are randomizing, we
could assume that different types of players play different
pure strategies and that the population consists of fractions
of types that correspond to the equilibrium probabilities
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Matching Pennies

Goeree and Holt (2001) use 50 subjects and let them play
the following game exactly once. In parentheses: choice
percentages

1406 THE AMERICAN ECONOMIC REVIEW DECEMBER 2001 
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claim 
mR= 180 *R=5 

FIGURE 1. CLAIM FREQUENCIES IN A TRAVELER'S DILEMMA 
FOR R = 180 (LIGHT BARS) AND R = 5 (DARK BARS) 

ordering of the two treatments was alternated. 
The instructions asked the participants to devise 
their own numerical examples to be sure that 
they understood the payoff structure. 

Figure 1 shows the frequencies for each 10- 
cent category centered around the claim label on 
the horizontal axis. The lighter bars pertain to 
the high-R "treasure" treatment, where close to 
80 percent of all the subjects chose the Nash 
equilibrium strategy, with an average claim of 
201. However, roughly the same fraction chose 
the highest possible claim in the low-R treat- 
ment, for which the average was 280, as shown 
by the darker bars. Notice that the data in the 
contradiction treatment are clustered at the op- 
posite end of the set of feasible decisions from 
the unique (rationalizable) Nash equilibrium.8 
Moreover, the "anomalous" result for the low-R 
treatment does not disappear or even diminish 
over time when subjects play the game repeat- 
edly and have the opportunity to learn.9 Since 

TABLE 1-THREE ONE-SHOT MATCHING PENNIES GAMES 
(WITH CHOICE PERCENTAGES) 

Left (48) Right (52) 
Symmetric Top (48) 80, 40 40, 80 

matching Bottom (52) 40, 80 80, 40 
pennies 

Left (16) Right (84) 
Asymmetric Top (96) 320, 40 40, 80 

matching Bottom (4) 40, 80 80, 40 
pennies 

Left (80) Right (20) 
Reversed Top (8) 44, 40 40, 80 

asymmetry Bottom (92) 40, 80 80, 40 

the treatment change does not alter the unique 
Nash (and rationalizable) prediction, standard 
game theory simply cannot explain the most 
salient feature of the data, i.e., the effect of the 
penalty/reward parameter on average claims. 

B. A Matching Pennies Game 

Consider a symmetric matching pennies 
game in which the row player chooses between 
Top and Bottom and the column player simul- 
taneously chooses between Left and Right, as 
shown in top part of Table 1. The payoff for the 
row player is $0.80 when the outcome is (Top, 
Left) or (Bottom, Right) and $0.40 otherwise. 
The motivations for the two players are exactly 
opposite: column earns $0.80 when row earns 
$0.40, and vice versa. Since the players have 
opposite interests there is no equilibrium in pure 
strategies. Moreover, in order not to be ex- 
ploited by the opponent, neither player should 
favor one of their strategies, and the mixed- 
strategy Nash equilibrium involves randomiz- 
ing over both alternatives with equal 
probabilities. As before, we obtained decisions 
from 50 subjects in a one-shot version of this 
game (five cohorts of ten subjects, who were 
randomly matched and assigned row or column 

8 This result is statistically significant at all conventional 
levels, given the strong treatment effect and the relatively 
large number of independent observations (two paired ob- 
servations for each of the 50 subjects). We will not report 
specific nonparametric tests for cases that are so clearly 
significant. The individual choice data are provided in the 
Data Appendix for this paper on: http://www.people. 
virginia.edu/-cah2k/datapage.html. 

9 In Capra et al. (1999), we report results of a repeated 
traveler's dilemma game (with random matching). When 
subjects chose numbers in the range [80, 200] with R = 5, 
the average claim rose from approximately 180 in the first 
period to 196 in period 5, and the average remained above 
190 in later periods. Different cohorts played this game with 
different values of R, and successive increases in R resulted 

in successive reductions in average claims. With a penalty/ 
reward parameter of 5, 10, 20, 25, 50, and 80 the average 
claims in the final three periods were 195, 186, 119, 138, 85, 
and 81 respectively. Even though there is one treatment 
reversal, the effect of the penalty/reward parameter on av- 
erage claims is significant at the 1-percent level. The pat- 
terns of adjustment are well explained by a naive Bayesian 
learning model with decision error, and the claim distribu- 
tions for the final five periods are close to those predicted by 
a logit equilibrium (McKelvey and Palfrey, 1995). 
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Matching Pennies

Goeree and Holt (2001) also let their subjects play two
modified versions of the matching pennies game:
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levels, given the strong treatment effect and the relatively 
large number of independent observations (two paired ob- 
servations for each of the 50 subjects). We will not report 
specific nonparametric tests for cases that are so clearly 
significant. The individual choice data are provided in the 
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9 In Capra et al. (1999), we report results of a repeated 
traveler's dilemma game (with random matching). When 
subjects chose numbers in the range [80, 200] with R = 5, 
the average claim rose from approximately 180 in the first 
period to 196 in period 5, and the average remained above 
190 in later periods. Different cohorts played this game with 
different values of R, and successive increases in R resulted 

in successive reductions in average claims. With a penalty/ 
reward parameter of 5, 10, 20, 25, 50, and 80 the average 
claims in the final three periods were 195, 186, 119, 138, 85, 
and 81 respectively. Even though there is one treatment 
reversal, the effect of the penalty/reward parameter on av- 
erage claims is significant at the 1-percent level. The pat- 
terns of adjustment are well explained by a naive Bayesian 
learning model with decision error, and the claim distribu- 
tions for the final five periods are close to those predicted by 
a logit equilibrium (McKelvey and Palfrey, 1995). 

NE for the first game:

p(up)=0.5, p(left)=1/8
NE for the second game: p(up)=0.5, p(left)=10/11
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Nash (and rationalizable) prediction, standard 
game theory simply cannot explain the most 
salient feature of the data, i.e., the effect of the 
penalty/reward parameter on average claims. 

B. A Matching Pennies Game 

Consider a symmetric matching pennies 
game in which the row player chooses between 
Top and Bottom and the column player simul- 
taneously chooses between Left and Right, as 
shown in top part of Table 1. The payoff for the 
row player is $0.80 when the outcome is (Top, 
Left) or (Bottom, Right) and $0.40 otherwise. 
The motivations for the two players are exactly 
opposite: column earns $0.80 when row earns 
$0.40, and vice versa. Since the players have 
opposite interests there is no equilibrium in pure 
strategies. Moreover, in order not to be ex- 
ploited by the opponent, neither player should 
favor one of their strategies, and the mixed- 
strategy Nash equilibrium involves randomiz- 
ing over both alternatives with equal 
probabilities. As before, we obtained decisions 
from 50 subjects in a one-shot version of this 
game (five cohorts of ten subjects, who were 
randomly matched and assigned row or column 

8 This result is statistically significant at all conventional 
levels, given the strong treatment effect and the relatively 
large number of independent observations (two paired ob- 
servations for each of the 50 subjects). We will not report 
specific nonparametric tests for cases that are so clearly 
significant. The individual choice data are provided in the 
Data Appendix for this paper on: http://www.people. 
virginia.edu/-cah2k/datapage.html. 

9 In Capra et al. (1999), we report results of a repeated 
traveler's dilemma game (with random matching). When 
subjects chose numbers in the range [80, 200] with R = 5, 
the average claim rose from approximately 180 in the first 
period to 196 in period 5, and the average remained above 
190 in later periods. Different cohorts played this game with 
different values of R, and successive increases in R resulted 

in successive reductions in average claims. With a penalty/ 
reward parameter of 5, 10, 20, 25, 50, and 80 the average 
claims in the final three periods were 195, 186, 119, 138, 85, 
and 81 respectively. Even though there is one treatment 
reversal, the effect of the penalty/reward parameter on av- 
erage claims is significant at the 1-percent level. The pat- 
terns of adjustment are well explained by a naive Bayesian 
learning model with decision error, and the claim distribu- 
tions for the final five periods are close to those predicted by 
a logit equilibrium (McKelvey and Palfrey, 1995). 

NE for the first game: p(up)=0.5, p(left)=1/8

NE for the second game: p(up)=0.5, p(left)=10/11
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their own numerical examples to be sure that 
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by the darker bars. Notice that the data in the 
contradiction treatment are clustered at the op- 
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Logit QRE

We saw that NE does not always predict behavior well
Two possible modifications

Relax the assumption that beliefs are consistent
Relax the assumption that agents best respond given
beliefs

Logit Quantal Response Equilibrium (QRE) relaxes the
second assumption
Agents no longer always select the strategy with the
highest expected payoff...
...but they are more likely to play strategies with high
expected payoffs as opposed to strategies with low
expected payoffs
Beliefs are still consistent: agents are aware of the fact that
others make mistakes when they compute expected
payoffs
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Logit QRE

n players
Player i can choose among Ji pure strategies
πij(σ) = Expected payoff for player i when i plays pure
strategy sij and others follow the mixed strategy profile σ−i

π̂ij = πij(σ) + εij

εi = (εi1, . . . , εiJi ), with pdf fi(εi)
In logit QRE, we assume fi(εi) follows an extreme value
distribution and the εij are iid

It then follows that σij(πi) =
exp(λπij )∑

k∈Si
exp(λπik )

σij is the probability that player i plays his j-th pure strategy
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ij�response set:

Rij (πi ) =
n

εi 2 Rji : πij (σ) + εij � πik (σ) + εik , 8k
o
,

i.e. Rij (πi ) speci�es the region of errors that will lead i to
choose action j .

probability that player i will choose action j

σij (πi ) =
Z
Rij (πi )

f (εi )dεi

In logit QRE, we assume fi (εi ) follows an extreme value
distribution and the εij are iid
It then follows that

σij (πi ) =
exp(λπij )

∑k2Si exp(λπik )

J. Oechssler () Behavioral Game Theory November 20, 2013 10 / 10
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Logit QRE

A mixed strategy profile σ is a logit QRE if the profile of
expected payoffs π induced by σ induces σ given f
In other words: Agents have consistent expectations (they
know the distribution of choices of other agents)
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Properties of Logit QRE

σij is strictly monotonic in πij
Strategies with higher payoffs are chosen more often than
strategies with lower payoffs

When λ→ 0, all strategies are chosen with equal
probability
When λ→∞, the logit QRE converges to a NE

Therefore, logit QRE can also be used as an equilibrium
selection device

What happens when we multiply all payoffs by a constant?

Typically changes the logit QRE: The higher expected
payoffs relative to the error term, the more likely agents pick
the strategy with the highest expected payoff.
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Quantal Response Equilibrium

Existence: of a QRE (Theorem 1, McKelvey and
Palfrey,1995)

Vector of player i ’s error terms: εi = (εi1, . . . , εiJi ) is
distributed according to joint density f (εi)
Assume the marginal distribution exists for each εij and
E(εi) = 0
A QRE then always exists for normal form games with a
finite number of players with a finite number of pure
strategies
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Interpretation of error terms

Error terms are factors only observable to the agent
himself while the distribution is common knowledge

Distractions, Miscalculations, Misperceptions
but: Mistakes are not always related to payoff differences.
For example: agents are unable to solve difficult math
problems no matter how high the payoff

Heterogeneous preferences (spite, envy, altruism)
Error terms reflect control costs. These are minimized by
uniform randomization. More discriminating strategies are
costlier (Mattson and Weibull, 2002)

If you are unwilling to commit to a specific distribution of
error terms: Goeree et al., 2005: regular QRE
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Explaining the Centipede Game using logit-QRE

Suppose λ = 2
What is the take probability at the last node?

We have σij(πi) =
exp(λπij )∑

k∈Si
exp(λπik )

Here, the payoff of taking is 2.82 while the payoff of passing
is 0.28. Therefore, the probability of taking in a logit QRE is

exp(2·2.82)
exp(2·2.82)+exp(2·0.28) = 0.994

What is the take probability at the second to last node?

The payoff of taking is 2.69, the expected payoff of passing
is 0.994 · 0.38 + 0.006 · 2.92 = 0.396
Therefore, the probability of taking is

exp(2·2.69)
exp(2·2.69)+exp(2·0.396) = 0.989

Note: the probability of taking increases with later nodes in
the game
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Explaining the Centipede Game using logit-QRE
284 M. Fey et al. 

1.0 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0.0 
0.050 0.081 0.133 0.216 0.352 0.573 0.934 1.521 2.478 4.037 6.575 

Fig. 5. Quantal response equilibrium of the six-move constant-sum centipede game 

where 2 o is the initial value and fl represents the rate of change over time. As 2 is 
inversely related to the level of error, the natural interpretation is that as players 
gain more experience they are less prone to make mistakes. Thus, if we again let n~ 
represent the final node reached in a particular match i, the log likelihood 
function is given by 

M 

l ogL=  ~ log[f/(2o, fl)] 
i = 1  

where M is the total number of matches in the experiment. 
Table 6 reports the estimates of 2 0 and fl for the Quantal Response Equilibrium 

model in each of the experiments. We again use the -2( log L- logLc)  chi- 
squared likelihood ratio test to reject the hypothesis that fl = 0 in six of our 
experiments,19 at conventional confidence levels. Thus, we conclude that in most 
cases there is a learning trend in the direction of fewer errors in the later stages of 
the experiments. 

At this stage, we have parameter estimates for both the Learning model and the 
Quantal Response Equilibrium model. The next question to address is which 
model better explains the data, the modified "Always Take" model or the 
Quantal Response Equilibrium model. As both models generate predicted 
frequencies which are compared to the actual data to produce likelihood scores, 
we can compare these log-likelihood scores to determine which model fits the 
data better. The results are striking. In eight of the nine individual experiments, 
the Quantal Response Equilibrium mode does better. 

19 Learningis signi•cant in all •f the six-m•ve games but •nly half •f th• ten-m•ve games. Err•r rates 
in ten-move games appear to be somewhat higher overall, as well. 

x-axis: λ, y-axis: p(Take)
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Centipede Game: Results

We also observe
that the take probability increases with later nodes in the
game
that the take probability increases as subjects gain
experience

Logit-QRE accounts for both of these observations
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Matching Pennies and Logit QRE

Consider again the first asymmetric matching pennies
game in Goeree and Holt (2001)
In logit QRE, we have:

p∗ =
exp(λ·πup(q∗))

exp(λ·πup(q∗))+exp(λ·πdown(q∗))
p∗ ∈ [0,1]
q∗ = exp(λ·πleft (p∗))

exp(λ·πleft (p∗))+exp(λ·πright (p∗))
q∗ ∈ [0,1]
There is rarely an explicit solution to such problems but you
can find a fixed point numerically.

http://gambit.sourceforge.net
Solver in Excel
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Matching Matching Pennies and Logit-QRE

x-axis: λ, y-axis: red: p(up), blue: p(left)
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Matching Pennies
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FIGURE 1. CLAIM FREQUENCIES IN A TRAVELER'S DILEMMA 
FOR R = 180 (LIGHT BARS) AND R = 5 (DARK BARS) 

ordering of the two treatments was alternated. 
The instructions asked the participants to devise 
their own numerical examples to be sure that 
they understood the payoff structure. 

Figure 1 shows the frequencies for each 10- 
cent category centered around the claim label on 
the horizontal axis. The lighter bars pertain to 
the high-R "treasure" treatment, where close to 
80 percent of all the subjects chose the Nash 
equilibrium strategy, with an average claim of 
201. However, roughly the same fraction chose 
the highest possible claim in the low-R treat- 
ment, for which the average was 280, as shown 
by the darker bars. Notice that the data in the 
contradiction treatment are clustered at the op- 
posite end of the set of feasible decisions from 
the unique (rationalizable) Nash equilibrium.8 
Moreover, the "anomalous" result for the low-R 
treatment does not disappear or even diminish 
over time when subjects play the game repeat- 
edly and have the opportunity to learn.9 Since 

TABLE 1-THREE ONE-SHOT MATCHING PENNIES GAMES 
(WITH CHOICE PERCENTAGES) 

Left (48) Right (52) 
Symmetric Top (48) 80, 40 40, 80 

matching Bottom (52) 40, 80 80, 40 
pennies 

Left (16) Right (84) 
Asymmetric Top (96) 320, 40 40, 80 

matching Bottom (4) 40, 80 80, 40 
pennies 

Left (80) Right (20) 
Reversed Top (8) 44, 40 40, 80 

asymmetry Bottom (92) 40, 80 80, 40 

the treatment change does not alter the unique 
Nash (and rationalizable) prediction, standard 
game theory simply cannot explain the most 
salient feature of the data, i.e., the effect of the 
penalty/reward parameter on average claims. 

B. A Matching Pennies Game 

Consider a symmetric matching pennies 
game in which the row player chooses between 
Top and Bottom and the column player simul- 
taneously chooses between Left and Right, as 
shown in top part of Table 1. The payoff for the 
row player is $0.80 when the outcome is (Top, 
Left) or (Bottom, Right) and $0.40 otherwise. 
The motivations for the two players are exactly 
opposite: column earns $0.80 when row earns 
$0.40, and vice versa. Since the players have 
opposite interests there is no equilibrium in pure 
strategies. Moreover, in order not to be ex- 
ploited by the opponent, neither player should 
favor one of their strategies, and the mixed- 
strategy Nash equilibrium involves randomiz- 
ing over both alternatives with equal 
probabilities. As before, we obtained decisions 
from 50 subjects in a one-shot version of this 
game (five cohorts of ten subjects, who were 
randomly matched and assigned row or column 

8 This result is statistically significant at all conventional 
levels, given the strong treatment effect and the relatively 
large number of independent observations (two paired ob- 
servations for each of the 50 subjects). We will not report 
specific nonparametric tests for cases that are so clearly 
significant. The individual choice data are provided in the 
Data Appendix for this paper on: http://www.people. 
virginia.edu/-cah2k/datapage.html. 

9 In Capra et al. (1999), we report results of a repeated 
traveler's dilemma game (with random matching). When 
subjects chose numbers in the range [80, 200] with R = 5, 
the average claim rose from approximately 180 in the first 
period to 196 in period 5, and the average remained above 
190 in later periods. Different cohorts played this game with 
different values of R, and successive increases in R resulted 

in successive reductions in average claims. With a penalty/ 
reward parameter of 5, 10, 20, 25, 50, and 80 the average 
claims in the final three periods were 195, 186, 119, 138, 85, 
and 81 respectively. Even though there is one treatment 
reversal, the effect of the penalty/reward parameter on av- 
erage claims is significant at the 1-percent level. The pat- 
terns of adjustment are well explained by a naive Bayesian 
learning model with decision error, and the claim distribu- 
tions for the final five periods are close to those predicted by 
a logit equilibrium (McKelvey and Palfrey, 1995). 

Compare to the first asymmetric matching pennies game
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Matching Pennies and Logit-QRE

Can logit-QRE “explain” what we observe in the experiment?”
Symmetric matching pennies: The QRE prediction
coincides with NE, which fits the data
In the asymmetric versions of the game, we need to be
able to accommodate the own-payoff effect
Logit-QRE indeed predicts an own-payoff effect for any
value of λ (you can use the monotonicity property to show
that)
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Matching Pennies and Logit-QRE

While Logit-QRE does predict the own-payoff effect, the
predicted choice probabilities do not fit the data for any
level of λ
Estimates for λ exhibit quite a large variation, which makes
it hard to commit to a specific value ex ante
Other factors are important and can be included in a
logit-QRE (e.g., risk/loss aversion)
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Matching Pennies and Logit-QRE

What is the set of logit-QRE in the symmetric matching
pennies game studied by Goeree and Holt (2001)?
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FIGURE 1. CLAIM FREQUENCIES IN A TRAVELER'S DILEMMA 
FOR R = 180 (LIGHT BARS) AND R = 5 (DARK BARS) 

ordering of the two treatments was alternated. 
The instructions asked the participants to devise 
their own numerical examples to be sure that 
they understood the payoff structure. 

Figure 1 shows the frequencies for each 10- 
cent category centered around the claim label on 
the horizontal axis. The lighter bars pertain to 
the high-R "treasure" treatment, where close to 
80 percent of all the subjects chose the Nash 
equilibrium strategy, with an average claim of 
201. However, roughly the same fraction chose 
the highest possible claim in the low-R treat- 
ment, for which the average was 280, as shown 
by the darker bars. Notice that the data in the 
contradiction treatment are clustered at the op- 
posite end of the set of feasible decisions from 
the unique (rationalizable) Nash equilibrium.8 
Moreover, the "anomalous" result for the low-R 
treatment does not disappear or even diminish 
over time when subjects play the game repeat- 
edly and have the opportunity to learn.9 Since 

TABLE 1-THREE ONE-SHOT MATCHING PENNIES GAMES 
(WITH CHOICE PERCENTAGES) 

Left (48) Right (52) 
Symmetric Top (48) 80, 40 40, 80 

matching Bottom (52) 40, 80 80, 40 
pennies 

Left (16) Right (84) 
Asymmetric Top (96) 320, 40 40, 80 

matching Bottom (4) 40, 80 80, 40 
pennies 

Left (80) Right (20) 
Reversed Top (8) 44, 40 40, 80 

asymmetry Bottom (92) 40, 80 80, 40 

the treatment change does not alter the unique 
Nash (and rationalizable) prediction, standard 
game theory simply cannot explain the most 
salient feature of the data, i.e., the effect of the 
penalty/reward parameter on average claims. 

B. A Matching Pennies Game 

Consider a symmetric matching pennies 
game in which the row player chooses between 
Top and Bottom and the column player simul- 
taneously chooses between Left and Right, as 
shown in top part of Table 1. The payoff for the 
row player is $0.80 when the outcome is (Top, 
Left) or (Bottom, Right) and $0.40 otherwise. 
The motivations for the two players are exactly 
opposite: column earns $0.80 when row earns 
$0.40, and vice versa. Since the players have 
opposite interests there is no equilibrium in pure 
strategies. Moreover, in order not to be ex- 
ploited by the opponent, neither player should 
favor one of their strategies, and the mixed- 
strategy Nash equilibrium involves randomiz- 
ing over both alternatives with equal 
probabilities. As before, we obtained decisions 
from 50 subjects in a one-shot version of this 
game (five cohorts of ten subjects, who were 
randomly matched and assigned row or column 

8 This result is statistically significant at all conventional 
levels, given the strong treatment effect and the relatively 
large number of independent observations (two paired ob- 
servations for each of the 50 subjects). We will not report 
specific nonparametric tests for cases that are so clearly 
significant. The individual choice data are provided in the 
Data Appendix for this paper on: http://www.people. 
virginia.edu/-cah2k/datapage.html. 

9 In Capra et al. (1999), we report results of a repeated 
traveler's dilemma game (with random matching). When 
subjects chose numbers in the range [80, 200] with R = 5, 
the average claim rose from approximately 180 in the first 
period to 196 in period 5, and the average remained above 
190 in later periods. Different cohorts played this game with 
different values of R, and successive increases in R resulted 

in successive reductions in average claims. With a penalty/ 
reward parameter of 5, 10, 20, 25, 50, and 80 the average 
claims in the final three periods were 195, 186, 119, 138, 85, 
and 81 respectively. Even though there is one treatment 
reversal, the effect of the penalty/reward parameter on av- 
erage claims is significant at the 1-percent level. The pat- 
terns of adjustment are well explained by a naive Bayesian 
learning model with decision error, and the claim distribu- 
tions for the final five periods are close to those predicted by 
a logit equilibrium (McKelvey and Palfrey, 1995). 
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Matching Pennies and Logit-QRE

Claim: in any logit-QRE, we have p(up) = p(left) = 0.5
Suppose by means of contradiction that p(up) > 0.5
We then have πright > πleft
By strict monotonicity, we therefore have p(right) > p(left)
Therefore, πdown > πup
Therefore, by strict monotonicity, p(down) > p(up), which is
a contradiction
We can use a similar argument to show that p(up) < 0.5
generates a contradiction. Therefore, p(up) = 0.5 in any
logit-QRE. Similarly, we can show that p(left) = 0.5 in any
logit-QRE.

Intuitively, the logit-QRE when λ = 0 is
p(up) = p(left) = 0.5. This happens to coincide with the
mixed NE. Since logit-QRE converges to the NE, we end
up with one single logit-QRE.
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Matching Pennies and Logit-QRE

Consider the following asymmetric matching pennies
game. Suppose somebody claims that
p(up) = 0.4,p(left) = 0.3 is a logit-QRE of this game. True
or false? Hint: use the monotonicity property of logit-QRE!

31 / 41



Matching Pennies and Logit-QRE

Notation
p: probability row plays up
q: probability column plays left

Expected Payoffs
Row player when playing up: E(up) = 4q
Row player when playing down: E(down) = 1− q

Therefore,
E(up) > E(down)⇔ 4q > 1− q ⇔ 5q > 1⇔ q > 0.2
Therefore, p > 0.5⇔ q > 0.2 and p < 0.5⇔ q < 0.2
Therefore, when q = 0.3 > 0.2, we must have p > 0.5
Therefore, p = 0.4,q = 0.3 cannot be a logit-QRE for any
value of λ
This is also true for a wide range of other distributions of ε
as long as monotonicity is satisfied
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Discussion

Challenges
heterogeneity

accomodate by estimating a distribution of λ
combine logit QRE with other models

can explain a large set of outcomes
λ is not stable across games. may not be able to settle for a
specific value
account for other factors (e.g., difficulty to compute
expected payoffs)

does it really describe how people decide?
costly mistakes are not always less frequent than cheap
ones (example: students writing an exam)
but: fairly robust

and we do need some tremble, this one seems better than
many alternatives
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