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The paper analyzes an endogenous mechanism leading perfectly symmetric economies
to diverge in the long run after unifying their financial asset markets. The standard
OLG growth model is extended to include uncertainty and a financial asset used to
transfer ownership of the proceeds of an exogenous random production process be-
tween generations. Consumers are risk averse, implying that consumers hold mixed
portfolios of real capital and of the asset which are not perfect substitutes.

The paper demonstrates that in the absence of an international asset market, the
two autarkic economies converge to the same globally attracting steady state under
rational expectations dynamics. However, when the two asset markets are unified
internationally prior to convergence, additional asymmetric steady states appear
implying that the steady state with equal levels of capital becomes unstable, causing
symmetry breaking. As a result, depending on the distribution of capital at the time
of integration, perfectly symmetric economies in a completely symmetric world can
converge to an asymmetric steady state.

The paper derives general sufficient conditions for a saddle node bifurcation of the
symmetric steady state. These reveal that the instability of the symmetric steady
state occurs due to a non linear interaction of the elasticities in production and
in asset demand. A numerical example shows that these effects occur in partic-
ular, when the production function and the function of absolute risk aversion are
isoelastic.
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1 Introduction

The convergence hypothesis in development economics suggests that countries with similar
structural characteristics should exhibit similar levels of per-capita income in the long
run, regardless of their initial capital stock. Several empirical studies have documented
evidence against such a general convergence hypothesis. Bianchi (1997), Jones (1997) and
Quah (1997) show that the shape of inter-country income distribution has transformed
from a unimodal one in the early 1960s to a bimodal one in 1990s. Durlauf & Johnson
(1995) confirms a positive relationship between the starting level of per capita output
and subsequent growth rates, implying divergence of income levels over time. While these
findings provide empirical evidence for non convergence, it is less clear from a theoretical
point of view which mechanisms cause or could explain divergence. Since the theory of
pure trade seems to offer very little in this direction, the role and structure of international
financial markets is often mentioned, implying that the forces in such markets cause
funds to flow from poor to rich countries and thus, may induce intertemporal as well as
interregional distortions.

Along these general lines, Matsuyama (1996) develops a model of the world economy with-
out foreign direct investment and without uncertainty, but with an international market
for deposits. He argues that the integration of inter-country deposit markets can cause a
divergence of otherwise symmetric economies. He shows that imperfections in credit mar-
kets coupled with minimum physical capital investment requirement can promote deposits
to flow from capital-scarce to capital-abundant countries after the deposit market are in-
tegrated. This occurs because the distortion created by the credit market imperfection
is smaller in rich countries than in poor countries. As a result, agents in rich countries
are not credit constrained and can finance all profitable projects, while agents in poor
countries are credit constrained and can finance only part of profitable projects. In au-
tarky deposit rates would adjust independently in each country implying that the world
economy converges to a symmetric steady state. When capital endowments differ before
deposit markets are integrated, the deposit rate can be lower in a country with scarce
capital, due to the imperfection in the credit market and the indivisibility in investment.
The integration implies equalization of the deposit rates. This causes funds to flow from
capital scarce to capital abundant countries, setting off a mechanism so that initially rich
countries increase their income gradually and lower the credit market imperfections, while
initially poor countries suffer more and more from low income, low investment, and high
credit market imperfections. Thus, the integration of deposit markets may cause symme-
try breaking in the sense of Matsuyama (2004), i. e. the symmetric steady state of the
world economy might become unstable. As a result, depending on the initial distribution
of capital the world economy can converge to an asymmetric steady state.

The result in Matsuyama (2004) relies on three main assumptions, that a) investment
in physical capital is non-divisible and there is a minimum investment requirement, b)
consumers are credit constrained and need to borrow funds in order to become entrepre-
neurs and c) there is no foreign direct investment. It is clear, that the result of symmetry
breaking no longer holds, if one of these assumptions is removed. In particular, dropping
the assumption of the minimum capital investment requirement, one obtains that funds
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will not flow from capital scarce to capital abundant countries, because of higher capi-
tal returns in capital scarce countries. Thus, credit market imperfections alone do not
guarantee the result of symmetry breaking, because rich countries will not benefit from
deposit market integration because deposits will not flow from poor to rich.

In the present paper the symmetry breaking result is caused by a different mechanism
demonstrated by a different model. While we maintain the assumption that foreign direct
investment is not allowed, we introduce a market for a financial asset1. Each country is
represented by a standard OLG growth model to which a market for a financial asset
has been added. The asset is traded between generations and serves as an intertemporal
device to distribute the random dividends from an exogenous production process, a so
called “Lucas tree”.

Suppose any two developing countries from some point in time on have the same tech-
nological facilities and are identical (or similar due to the free availability of technical
knowhow etc.) in their characteristics including their market structure. Under autarky
they would have necessarily converged to the same (or similar) levels of capital, incomes,
and welfare in the long run. Would they also converge starting from historically different
capital levels if they were to combine their asset markets before the long run is reached?
In contrast to traditional trade theory, which argues that after combining markets the
convergence hypothesis holds, we show that the answer of the above question can be neg-
ative. This shows that there must exist endogenous features in such economies, which
make the symmetric outcome not impossible, but unstable.

Our result reveals and identifies those situations where a more advanced country in terms
of its capital level has an advantage over a less developed one, if they combine their asset
markets prior to convergence. The result is primarily of theoretical relevance, showing that
asset market integration may hurt a relatively poor country and benefit a relatively rich
one. In reality, no two countries will be identical, so it may be difficult to allude directly
to any empirical counter part or regions of existing economies. However, formally, we
would argue that countries with similar structural characteristics can diverge in the long
run due to the integration of their asset markets.

The paper is organized as follows. Section 2 introduces the model and discusses its
main properties for general production functions and general risk preferences. Section 3
demonstrates existence, uniqueness, and the stability of an interior rational expectations
equilibrium. Section 4 presents the two country model with an international financial
asset market, discussing existence of rational expectations equilibria (Section 4.1) and de-
riving general sufficient conditions under which the symmetric equilibrium looses stability
(Section 4.2). Section 5 presents global properties of a parameterized explicit example.
Section 6 concludes.

1The model introduces the same type of financial asset as in Böhm, Kikuchi & Vachadze (2007) and
Kikuchi (2008).
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2 The Model

Consider an infinite-horizon economy in discrete time t = 0, 1, ... The economy is com-
posed of a consumption and a production sector. The production sector consists of an
infinitely lived neoclassical firm plus an exogenous production process generating a ran-
dom stream of a consumption commodity in each period. Such an exogenous production
process is often referred to as a so called “Lucas’ tree”, underlining the fact that the
stochastic process generating the proceeds is exogenous and completely independent of
the production technology described in the model. The stochastic process yields εt units
of the consumption commodity in each period payed to the owners as a dividend. We
assume that {εt}t=1,2,... is a sequence of i.i.d. random variables taking values d > 0 and 0
with probabilities q ∈ (0, 1) and 1 − q respectively. Intertemporal ownership of the tree
and the right to the proceeds is traded in the form of a financial asset (a financial con-
tract) between successive generations of consumers. The asset is infinitely lived. It yields
a random dividend and is sold in a competitive market. The total number of tradable
contracts (the supply of assets) is constant over time.

In addition to the exogenous production process there is a neoclassical firm producing the
consumption commodity using capital and labor as inputs. The technology of the firm
is described by a standard production function F : R2

+ → R+ with constant returns to
scale. At any time t, let Yt = F (Kt, Lt) denote total output produced, where Kt ≥ 0
and Lt ≥ 0 are aggregate supplies of physical capital and labor respectively. Output
per worker is defined as yt = Yt/Lt = F (Kt/Lt, 1) ≡ f(kt), where kt = Kt/Lt denotes
capital per worker and f : R+ → R+ is the production function in intensive form. We
assume that f(0) = 0, i.e. capital is essential in production. In addition, f is assumed to
be twice continuously differentiable, strictly increasing, strictly concave and satisfies the
Inada conditions. Both factor markets in the economy are assumed to be competitive.
Therefore, under full employment, factor rewards for capital and labor are determined
by their respective marginal products. Let rt = r(kt) := f ′(kt) denote the rental rate
of capital and wt = w(kt) := f(kt) − ktf

′(kt) denote the wage rate in any given period.
The produced commodity can be either consumed or invested in physical capital, which
becomes available in the next period. Old capital depreciates fully within a period.

The consumption sector consists of overlapping generations of consumers who live for two
successive periods. Thus, in any period, there are two generations alive referred to as
young and old. Each generation, which consists of a continuum of homogeneous agents
with unit mass, is identified by its date of birth. For simplicity we assume no population
growth. A typical young consumer of any generation t = 0, 1, . . . supplies one unit of
labor endowment inelastically in the first period of his life for which he receives labor
income wt. He does not consume in the first period, but invests all income in a portfolio
consisting of physical capital and the financial asset. The budget constraint of a young
consumer is given by it + xtpt = wt, where it ≥ 0 denotes the amount of investment in
physical capital and xt ≥ 0 is the number of assets purchased at the price pt (measured
in units of the consumption good).

The initial old generation which only lives for one period is endowed with x > 0 units of
the financial asset and k0 units of capital. They consume the total receipts to both of
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them, which consist of the return on their capital, the proceeds from the “tree”, and the
value at which they sell the asset in the market. Old consumers of succeeding generations
acquire their endowment of the asset and of physical capital from saving their wage income
when young. Old consumers do not leave bequests to future generations and consume
their entire wealth. Therefore, their random second period consumption is

ct+1 = itrt+1 + xt (pt+1 + εt+1) , (1)

where itrt+1, xtεt+1 and xtpt+1 are the returns (in units of consumption good) received
from capital investment, from asset holding as dividends, and from selling the financial
asset. Depending on the realization of εt+1, the old age consumption can take values
ct+1 = itrt+1 + xt(pt+1 + d) or ct+1 = itrt+1 + xtpt+1 with probabilities q and 1 − q
respectively. In the sequel of the paper ct+1 and ct+1 will be referred to as realizations of
consumption in good and bad states. Since it = wt − xtpt, old age consumption can be
rewritten as

ct+1 = wtrt+1 + xtd + xt(pt+1 − ptrt+1) and ct+1 = wtrt+1 + xt(pt+1 − ptrt+1). (2)

Preferences over old age consumption is described by a utility function u : R+ → R. We
assume that c 7→ u(c) is twice continuously differentiable, strictly increasing, and strictly
concave. For given values of wage income wt, next period’s rate of return on capital rt+1,
and next period’s asset price pt+1, the consumer’s demand for the asset is defined as

ϕ(wt, rt+1, pt+1, pt) ≡ arg max
x∈B(wt,pt)

{
qu(ct+1) + (1 − q)u(ct+1)

}
, (3)

where ct+1 and ct+1 are consumptions in good and bad states, and B(wt, pt) = {x|x ≥
0, xpt ≤ wt} is the budget set. Given the assumptions made, asset demand of consumers
takes a particularly simple form.

Proposition 1 For any given non-negative vector, (wt, rt+1, pt+1) ≥ 0, asset demand is
given by

ϕ(wt, rt+1, pt+1, pt) =





0 if pt ≥ p∗3

ϕm(pt+1 − ptrt+1, wtrt+1) if p∗2 < pt < p∗3

wt/pt if pt ≤ p∗2.

(4)

The function ϕm : R2
+ → R+ is increasing in both arguments, and the critical levels p∗2

and p∗3 are defined by the unique solutions2 p∗2ϕm(pt+1 − p∗2rt+1, wtrt+1) = wt and p∗3rt+1 =
pt+1 + dq.

The typical features of asset demand are visualized in Figure 1, showing that the graph of
the demand function consists of three sections. For a sufficiently high price, asset demand
is zero, since the expected return from the financial asset is lower than the expected

2All proofs are provided in the appendix.
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return from capital investment. In this case, consumers invest all of their wage income in
physical capital. For a sufficiently low price, when the expected return from the financial
asset investment exceeds the expected return from capital investment, the situation is
the opposite. All wage income is invested in the asset market and no new investment
in physical capital occurs. For all intermediate prices, the optimal choice consists of
an interior solution with a mixed portfolio containing the financial asset and physical
capital. Moreover, as a consequence of portfolio theory, the function ϕm depends only on
the expected risk premium pt+1 − ptrt+1 and on the discounted wage income wtrt+1.

pp∗3p∗2p∗10

w

p∗2

ϕ(p) w/p ϕm(p)

Figure 1: Asset Demand Function

3 The Closed Economy

Consider first the case of autarky, when the asset market operates only domestically.
The demographic structure of consumers implies that in autarky all assets sold by old
consumers are purchased by young investors. Therefore, if no new assets are added in
any period, the total number of assets will be constant through time. Then, for a given
non-negative vector (wt, rt+1, pt+1) ≥ 0 and for a given aggregate supply of assets x > 0,
the asset market clearing price pt solves the equation

ϕ(wt, rt+1, pt+1, pt) = x. (5)

The strict monotonicity of the asset demand function implies that equation (5) has a
unique solution. Let pt = S(wt, rt+1, pt+1, x) denote the unique market clearing asset
price, where the function S is usually referred to as the temporary price law. Since next
period’s capital stock kt+1 is equal to new investment, one has kt+1 = wt − ptx, where ptx
is total spending in the asset market.
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3.1 Stationary Rational Expectations Equilibria 6

3.1 Stationary Rational Expectations Equilibria

Consider next the situation when stationarity and perfect foresight prevails.

Definition 1 A Stationary Rational Expectations Equilibrium (SREE) is a pair (k, p)
such that

• given k ∈ R+, the price p ∈ R+ clears the asset market under perfect foresight, i. e.
p is a fixed point of the temporary price law

p = S(w(k), r(k), p, x), (6)

• given p ∈ R+, the level of capital k ∈ R+ is a fixed point of the capital accumulation
equation

k = A(k, p, x) := w(k) − px. (7)

Even in very simple cases, the perfect foresight solutions of such economies cannot be
determined explicitly, due to the interaction of the non linearities of the price law and
of the law of capital accumulation. To show that there exist exactly two such solutions,
a detailed implicit analysis is required involving features of the inverse asset demand
function of consumers.

First, we observe that young consumers must hold a mixed portfolio for the capital stock
to be positive in an SREE. Let L(x) := qu(ct+1)+(1− q)u(ct+1) denote the Lagrangian of
the consumer’s optimization problem. Then, from the first order conditions for an interior
optimum

L′(x) = qu′(ct+1) (d − (ptrt+1 − pt+1)) − (1 − q)u′(ct+1) (ptrt+1 − pt+1) = 0, (8)

one obtains the relation

d

ptrt+1 − pt+1

= 1 +
1 − q

q

u′(ct+1)

u′(ct+1)
. (9)

Second, we observe that stationary equilibrium consumptions in good and bad states are
given by

c = w(k)r(k) − (w(k) − k)(r(k) − 1) = f(k) − k

c = w(k)r(k) + xd − (w(k) − k)(r(k) − 1) = f(k) − k + xd.
(10)

Therefore, equations (9) and (10) imply that for a given SREE (k, x), the inverse demand
function of the financial asset is given by

P (k, x) :=
d

r(k) − 1
h(k, x) with h(k, x) :=

qu′(c)

qu′(c) + (1 − q)u′(c)
∈ [0, 1]. (11)

The function h can be interpreted as the risk neutral probability of the good state re-
alization. Since h is always positive, equation (11) implies that in order to guarantee a
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positive asset price, the equilibrium k should belong to the interval [0, k̂], where k̂ is the
unique solution of r(k) = 13. Equations (7) and (11) imply that capital at an interior
SREE should satisfy the following equation

φ(k) = dxh(k, x), (12)

where φ(k) := (w(k)− k)(r(k)− 1). The following two assumptions will be used to prove
existence of a unique positive SREE under autarky.

Assumption 1 The elasticity of the production function with respect to capital (or the
capital share in production) α : R+ → [0, 1] defined as

α(k) :=
kf ′(k)

f(k)
, (13)

satisfies the inequality α(k) < 0.5 for any k ∈ [0, k̂].

Assumption 2 The consumer’s absolute risk aversion T : R+ → R+ defined as

T (c) := −
u′′(c)

u′(c)
, (14)

is a non-increasing function.

Assumption 1, used in Lemma 1, implies some important properties of the function φ,
while Assumption 2 will be used in Lemma 2 to establish a monotonicity property of the
function h. The claims of Lemmas 1 and 2 provide the main arguments to prove the
following proposition.

Proposition 2 If Assumptions 1 and 2 are satisfied, then in autarky there exists one
corner and one interior SREE.

Proof: Proposition 2 is a direct consequence of Lemmas 1 and 2 whose proofs are given in
the appendix. Without loss of generality, let x = 1. Then, on the one hand, the function
φ(k) := (w(k) − k) (r(k) − 1) is strictly decreasing on the interval k ∈ [0, k̂], φ(0) = ∞,

and φ(k̂) = 0 (see Lemma 1). On the other hand, the function k 7→ h(k, 1) is positive

and strictly increasing on the same interval k ∈ [0, k̂] (see Lemma 2). This implies that

equation (12) admits a unique interior solution k∗ ∈ (0, k̂) for x = 1, with an associated
interior asset price p∗ = P (k∗, 1) > 0.

The expressions in (11) imply that (k, p) = (0, 0) is a SREE on the boundary. If k = 0,
wage income and the equilibrium asset price are both zero (w, p) = (0, 0), and for a zero
asset price, k = 0 is a fixed point of the capital accumulation equation. QED.

3Strict monotonicity and concavity of the production function and the Inada conditions imply the
existence of a unique k̂ > 0 solving the equation r(k) = 1.

7



3.2 Dynamics Under Rational Expectations 8

Restricting the elasticity of production to be less than one half, as is done in Assumption
1, is crucial and important to obtain existence and uniqueness of an interior SREE. When
it is violated, one finds that the function φ is not necessarily monotonic. Then, equation
(12) can admit either no or multiple interior solutions4. On empirical grounds, assuming
α < 0.5 can be justified immediately, since there is consensus that most empirical studies
confirm such a value. Theoretically, however, the occurrence of multiple equilibria for
α > 0.5 begs some explanation. In such a case, for the model in question, prices for the
financial asset grow faster than the rate of return on capital for sufficiently small levels
of the capital stock. This causes consumers to invest a smaller fraction of their wage
income in real capital. This reinforces convergence to a zero capital stock, in spite of an
unbounded rate of return on capital. Formally, one observes that the elasticity α(k) is
a (first order) measure for the curvature of the production function f which determines
simultaneously wages and returns in an additive way, f(k) = w(k) + kr(k). Yet, the
multiplicative form of the function φ involves also second order properties of f which are
weak for α(k) < 0.5. They become strong when α(k) is larger than one half5.

For the remainder of the analysis Assumption 1 will be made through out, since the
purpose of the paper is to single out causes for multiplicity induced by asset market
integration. Therefore, it is desirable to restrict the analysis to situations when the closed
economy with a domestic market for a financial asset has a unique interior steady state
(implying the existence of a unique, interior, and symmetric steady state in the world
economy). Then, if multiple SREE’s and instability of the symmetric equilibrium in the
world economy arise after combining the domestic asset markets, the integration can be
identified as the cause of instability and of symmetry breaking.

3.2 Dynamics Under Rational Expectations

The asset market clearing condition given in (5) together with the accumulation equa-
tion kt+1 = w(kt) − ptx define implicitly a two dimensional dynamical system in asset
prices and capital under rational expectations. The associated perfect foresight steady
state is a saddle, a feature which is found in most macroeconomic models with perfect
foresight dynamics. Therefore, in order to analyze the dynamics of the closed economy
under rational expectations we follow the standard procedure of the literature in such
cases and analyze the so called minimum state variable solution (MSV). It describes the
dynamics along the saddle path of the two dimensional system6. The dynamic solution
has some important specific features which stem from the structure of the model directly.
Equation (5) implies that the equilibrium asset price in any given period is affected by
the expectations about next periods asset price, about the future capital return, and the
moments of next periods random dividend payments. Usually, one would expect this to
imply that capital accumulation would become random. However, since the realizations of

4see Böhm & Vachadze (2008) for details.
5This feature can be verified directly when production is isoelastic, e. g. for f(k) = kα.
6From the dynamical point of view the MSV corresponds to the associated functional rational ex-

pectations equilibrium discussed and used in the literature in such cases, see for example Spear (1988),
McCallum (1998, 1999), Böhm & Wenzelburger (2004).
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3.2 Dynamics Under Rational Expectations 9

the random dividend affect old age consumption only and since dividends are independent
and identically distributed (making the moments of the random dividend constant over
time), it follows that capital accumulation under perfect foresight will be deterministic.
As a consequence, consumers can chose consistent deterministic (point) forecasts for next
periods capital stock and its return based on the current asset price.

The essential property of the minimum state variable solution (MSV) stipulates that the
equilibrium asset price in any given period can be determined as a function of the current
capital stock alone. If this is the case, the capital accumulation equation implies an
explicit perfect predictor for next periods asset price and for the future capital return. In
other words, assume for the moment that the asset market clearing price is a function of
current capital alone, pt = P(kt). Then, the capital accumulation equation implies that
next periods capital

kt+1 = G(kt) ≡ w(kt) − P(kt) (15)

is also a function of current capital alone. As a consequence, the prefect prediction for
the price and for the interest rate can be chosen as pt+1 = P(G(kt)) and rt+1 = r(G(kt)).
In order for them to induce perfect foresight they must be consistent with the price law.
In other words, they must satisfy the functional equation

P(kt) ≡ S(w(kt), r(G(kt)),P(G(kt)), 1), (16)

for any kt ∈ R+. Thus, the pair of functions (G,P) satisfying the system of functional
equations (15) and (16) completely describes the evolution of the economy under rational
expectations, which induces the so called MSV solution. In fact, with one mild additional
assumption on the technology a full characterization of the rational expectations dynamics
for the model here is possible.

Assumption 3 The production function is such that limk→0 −kf ′′(k) = ∞.

Since w′(k) = −kf ′′(k), Assumption 3 implies that the wage function has an unbounded
slope at the origin.

Proposition 3 If Assumptions 1, 2, and 3 are satisfied, then the corner equilibrium
is unstable, while the interior equilibrium is globally stable under rational expectations
dynamics.

Proposition 3 implies that for any economy of the given type, there exists a unique interior
SREE in autarky which is globally stable under rational expectations dynamics. Thus,
economies with the same characteristics of consumers and producers converge to the
same positive steady state independently of initial conditions, implying identical income,
identical capital returns, and an identical asset price in the long run.

9
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4 A Two Country Model

Consider now a world economy composed of two identical economies of the above type
which are denoted by h (for home country) and by f (for foreign country). Consumers
and firms in each country have identical characteristics. Factors of production, capital
and labor, are immobile across countries. However, the market for the financial asset is
integrated into a unified international market, where the asset is traded at a uniform price
while the same dividend is payed in each country. Therefore, consumers from each country
now diversify to invest in domestic capital and in a financial asset from an integrated
international market.

The demographic structure of the model implies that all financial assets sold by old
consumers of both countries are bought by young consumers. Since each country is
endowed with one unit of the asset it follows that the total number of available assets in
the international financial asset market is now two. This implies that for a given non-
negative vector (wh

t , wf
t , rh

t+1, r
f
t+1, pt+1) ≥ 0 of domestic and foreign wage incomes, next

period’s rates of returns on capital, and next period’s asset price pt+1 (measured in units
of the consumption good), an asset price pt clearing the international asset market must
solve the equation

ϕ(wh
t , rh

t+1, pt+1, pt) + ϕ(wf
t , rf

t+1, pt+1, pt) = 2. (17)

Given our assumptions, (17) has a unique solution since the aggregate asset demand
function is strictly decreasing in pt. Let

pt = S(wh
t , wf

t , rh
t+1, r

f
t+1, pt+1) (18)

denote the unique asset market clearing price.

4.1 Stationary Rational Expectations Equilibria

Definition 2 A Stationary Rational Expectations Equilibrium (SREE) in the world econ-
omy is a triple (kh, kf , p) such that

• given (kh, kf ) ∈ R2
+, the price p ∈ R+ clears the asset market under perfect foresight,

i.e. p is a fixed point of the temporary price law

p = S(w(kh), w(kf ), r(kh), r(kf ), p); (19)

• given p ∈ R+, the pair (kh, kf ) is a fixed point of each country’s capital accumulation
equation

kh = A(kh, p) := w(kh) − pϕ(w(kh), r(kh), p, p)
kf = A(kf , p) := w(kf ) − pϕ(w(kf ), r(kf ), p, p).

(20)
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4.1 Stationary Rational Expectations Equilibria 11

Since there are two steady states in each closed economy, 0 and k∗ (where k∗ solves
(12) with x = 1), it follows that two symmetric steady states from autarky survive after
integrating the asset markets, i.e. the points (0, 0) and (k∗, k∗) are also stationary equilibria
in the two country world economy. In addition, there are two asymmetric steady states
in which one country absorbs all assets with positive capital while the other deteriorates
to zero levels of capital and income. Thus, (0, k̃) and (k̃, 0) are two asymmetric steady

states in the two country economy, where k̃ solves (12) with x = 2. The interesting
issue to examine is whether after integrating the asset markets internationally, there are
additional equilibria where both countries hold positive quantities of the asset at positive
but different levels of capital. In order to study the existence of such interior asymmetric
steady states, we introduce the following concepts and notation.

For any given interior level of asset holdings x ∈ (0, 2), let k = π(x) denote the unique
interior solution of equation (12) 7. Then, for any distribution of asset holdings (x, 2− x)
among the two countries, there exist associated SREE levels of capital in each country
kh = π(x) and kf = π(2− x). Given these capital levels and the asset holdings (x, 2− x),
there are corresponding supporting asset market clearing prices ph = Π(x) and pf =
Π(2 − x) in each country. The function Π is defined as

Π(x) := P (π(x), x), (21)

where P (k, x) is the inverse demand function as defined in (11). Thus, Π has to be
interpreted as the stationary inverse demand function under perfect foresight for given
asset holdings x.

Finally, the asset price p at a stationary rational expectations equilibrium with asset dis-
tribution (x, 2−x) after asset market integration must be the same as the two supporting
asset prices in the two countries, i.e. Π(x) = ph = pf = Π(2 − x). Therefore, at an
international SREE, asset holdings x by consumers in the home country must be such
that

Ψ(x) := Π(x) − Π(2 − x) = 0. (22)

In other words, the asset holdings x (in the home country) at any stationary rational
expectations equilibrium in the world economy must be a zero of the excess price map Ψ.

In order to study the existence of asymmetric steady states, we first establish some prop-
erties of the continuous function Ψ which is differentiable on (0, 2). By construction,

one has Ψ(1) = 0. Equation (12) implies that limx→0 π(x) = k̂, which, combined with
equation (21), implies

lim
x→0

Π(x) = lim
k→bk P (k, 0) = lim

k→bk dq

r(k) − 1
= ∞.

Moreover, since limx→2 Π(x) is finite, one obtains as the boundary behavior for Ψ

lim
x→0

Ψ(x) = ∞ and lim
x→2

Ψ(x) = −∞. (23)

7Assumptions 1 and 2 together with Proposition 2 guarantee the existence and uniqueness of k solving
the equation φ(k) = dxh(k, x) for any x ∈ (0, 2).

11



4.1 Stationary Rational Expectations Equilibria 12

In order to find a sufficient condition for the existence of at least two asymmetric steady
states, we consider the stationary asset demand and its elasticity. Define the stationary
asset demand function X : [0, k̂] × R+ as

X(k, p) :=





0 if p ≤ p

x if p ∈
(
p, p
)

∞ if p ≥ p

, (24)

where x is the solution of the equation P (k, x) = p for a given pair (k, p), and the constants
p and p are defined as p := P (k, 0) and p := P (k,∞). The monotonicity of the function
P (see Lemma 2) implies that stationary asset demand is monotonically increasing with
respect to its first argument k and monotonically decreasing with respect to its second
argument p. Define

ǫ(k, p) :=
kXk(k, p)

X(k, p)
and σ(k) := −

f ′(k) (f(k) − kf ′(k))

kf ′′(k)f(k)
, (25)

as the elasticity of asset demand with respect to capital and the elasticity of factor substi-
tution in production respectively. Now, consider the symmetric steady state x∗ = 1, and

Ψ(x)

0
x1 2

(a) Two Asymmetric SREE

Ψ(x)

0
1 2 x

(b) Four Asymmetric SREE

Figure 2: Existence of Asymmetric Steady States

let ǫ∗, α∗, σ∗ and s∗ denote the respective values of the elasticity of asset demand with
respect to capital, the capital share in production, the elasticity of factor substitution,
and the share of wage income spent on the asset market all evaluated at the symmetric
steady state

ǫ∗ = ǫ(k∗, p∗), α∗ = α(k∗), σ∗ = σ(k∗) and s∗ = p∗/w(k∗). (26)

Then, one obtains the following sufficient conditions for the existence of interior asym-
metric steady states.

12



4.1 Stationary Rational Expectations Equilibria 13

Proposition 4 Let Assumptions 1 and 2 be satisfied. If

δ∗ := ǫ∗ −
1

s∗

(
α∗

σ∗
− 1

)
− 1 < 0 (27)

holds, there exist at least two interior asymmetric steady states in the world economy.

The condition δ∗ < 0 implies a positive slope of the function Ψ at the symmetric steady
state. Multiplicity then follows from continuity and from the boundary behavior of Ψ8.
The proposition provides a sufficient condition for the existence of interior asymmetric
steady states to hold locally at the symmetric steady state. It identifies how properties of
the production function and the utility function must interact in each country separately
to induce symmetry breaking. Therefore, it can always be verified directly using informa-
tion of the autarkic economy only. Observe that (27) indicates that interior asymmetric
steady states are more likely to co-exist with the symmetric one whenever the elasticity
of asset demand ǫ∗ and the elasticity of factor substitution σ∗ are both small at the same
time. Figure 2(a) portrays the situation when Ψ′(1) > 0. Then, there exist at least two
additional interior steady states in the world economy. Figure 2(b) shows that (27) is
only a sufficient condition, since there may well exist asymmetric steady states even when
Ψ′(1) is negative and (27) fails to hold.

The inequality (27) reveals that asset demand needs to be sufficiently inelastic at the
symmetric steady state to guarantee the existence of interior asymmetric steady states.
In order to study further the role of the assumptions needed for the above result, notice
that the definition of asset demand given in equation (24) implies the identity

P (k,X(k, p)) ≡ p. (28)

Applying the implicit function theorem to equation (28) reveals that the elasticity of asset
demand at the symmetric steady state can be represented as the ratio of elasticities of
the inverse demand function with respect to capital and with respect to asset holdings

ǫ∗ =
k∗Pk(k

∗, x∗)

x∗Px(k∗, x∗)
, (29)

both evaluated at (k, x) = (k∗, x∗). Thus, asset demand is inelastic when the inverse
demand function P is very sensitive with respect to asset holdings and insensitive with
respect to capital.

One immediate consequence of (29) is that the randomness of dividends and the strict
concavity of the utility function are both necessary for (27) to hold. To see this, suppose
there is no uncertainty in dividend payments. Then, q = 1 and the inverse demand
function given in (11) becomes

P (k, x) =
d

r(k) − 1
. (30)

8see Appendix for the proof.

13



4.2 Dynamics Under Rational Expectations 14

This implies an infinitely elastic asset demand, because Px(k, x) = 0 for any (k, x) >
0. When ǫ∗ = ∞, (27) fails to be satisfied for any (k, x) > 0. In other words, asset
price equalization from equation (30) implies equalization of capital stocks as well and
immediate convergence to the symmetric steady state. Thus, symmetry breaking cannot
occur. The same implication follows when agents are risk neutral. In this case, equation
(11) implies that the risk adjusted probability of a good state realization is constant and
independent of the pair (k, x) with h(k, x) = q. This again implies immediate convergence
of the world economy to the symmetric equilibrium after asset market integration, because
the asset demand is infinitely elastic and thus (27) is never satisfied.

Summarizing this discussion, when there is no uncertainty or when agents are risk neutral,
the equilibrium asset price does not depend on the level of asset holdings in the two
countries. The price must be equal to the discounted value of the expected dividend
(equation (30)). This means that asset price equalization implies the equalization of
capital returns and the equalization of capital stocks. When q 6= 1 and agents are risk
averse, the inverse demand function P (k, x) depends positively on k and negatively on
x. Therefore, after asset market integration, returns on capital are equalized with risk
adjusted returns on financial assets within each country. However, risk adjusted returns
can differ in stationary equilibria, which implies the possibility of asymmetric steady
states and of symmetry breaking.

4.2 Dynamics Under Rational Expectations

In order to analyze the dynamics of the economy we proceed as in the case of autarky
and use the minimum state variable solution (MSV). Suppose there exists a function
P : R2

+ → R+ such that the uniform asset price can be determined by the capital stocks

in each country, pt = P(kh
t , kf

t ). Then, the capital accumulation equations imply that
(kh

t+1, k
f
t+1) should satisfy

kh
t+1 = w(kh

t ) − s(kh
t , kh

t+1, k
f
t+1)

kf
t+1 = w(kf

t ) − s(kf
t , kf

t+1, k
h
t+1)

(31)

where s(kh
t , kh

t+1, k
f
t+1) and s(kf

t , kf
t+1, k

h
t+1) are total spending on the international financial

market by young agents of countries h and f . These functions are defined as

s(kh
t , kh

t+1, k
f
t+1) := ϕ

(
w(kh

t ), r(kh
t+1),P(kh

t+1, k
f
t+1),P(kh

t , kf
t )
)
P(kh, kf )

s(kf
t , kf

t+1, k
h
t+1) := ϕ

(
w(kf

t ), r(kf
t+1),P(kh

t+1, k
f
t+1),P(kh

t , kf
t )
)
P(kh, kf ).

(32)

In order for the price predictor to be perfect it must be consistent with the price law, i.e.
it must satisfy the functional equation

P(kh
t , kf

t ) ≡ S(w(kh
t ), w(kf

t ), r(kh
t+1), r(k

f
t+1),P(kh

t+1, k
f
t+1)). (33)

As a consequence of the symmetry of the equation (31) together with (32) and (33), one
can write the symmetric solutions of capital accumulation as

kh
t+1 = G(kh

t , kf
t ) and kf

t+1 = G(kf
t , kh

t ), (34)

14



4.2 Dynamics Under Rational Expectations 15

which now defines the time one map of capital accumulation with perfect foresight dy-
namics for the world economy as a two dimensional system F : R2

+ → R2
+ given by

(
kh

t+1

kf
t+1

)
= F(kh

t , kf
t ) :=

(
G(kh

t , kf
t )

G(kf
t , kh

t )

)
. (35)

We begin the dynamic analysis by showing that the boundary steady states are not stable
under rational expectation dynamics.

Proposition 5 If Assumptions 1, 2, and 3 are satisfied, then the symmetric steady state
(0, 0) is a source while the asymmetric steady states (k̃, 0) and (0, k̃) are unstable saddles.

The instability of the corner steady states follows from Assumption 3 which makes k = 0
locally unstable for the closed economy. Therefore, no matter what is the initial distrib-
ution of capital in the world economy, the steady states (0, 0), (k̃, 0) and (0, k̃) cannot be
reached from interior initial distributions of capital.

Propositions 4 and 5 together imply that an instability of the symmetric steady states
induces the appearance of asymmetric steady states. In other words, using the information
contained in the characteristics of the symmetric steady state, the conditions for it’s
instability must be related to those for the existence of asymmetric steady states. Our
main result consists of a description of the role of the parameters characterizing the “Lucas
tree” in causing symmetry breaking. Let Ω := R++×(0, 1) denote the space of parameters
(d, q) characterizing the exogenous production process.

Proposition 6 Let the Assumptions 1, 2, and 3 be satisfied .

1. The interior and symmetric steady state (k∗, k∗) has two positive real roots.

2. There exists a non-empty set Ωs ( Ω such that (k∗, k∗) is asymptotically stable only
if (d, q) ∈ Ωs.

3. As the parameters (d, q) leave the region Ωs, the symmetric steady state looses its
stability by undergoing a fold bifurcation.

To investigate the stability of the symmetric interior steady state requires a standard but
tedious argument of evaluating the relationship between the trace and determinant of
the Jacobian matrix of the system (35), which depends heavily on the symmetry of the
mapping. The formal proof is given in the Appendix.

For an intuitive understanding of the proof of the result, consider the sets

Ωu := {(d, q) ∈ Ω|δ∗ < 0} , Ωc := {(d, q) ∈ Ω|δ∗ = 0} and Ωs := {(d, q) ∈ Ω|δ∗ > 0} ,
(36)

where δ∗ is the critical value defined in equation (27).

The function Ψ defined in equation (22) and displayed in Figure 2 slopes upwards (down-
ward) at x = 1 when (d, q) ∈ Ωu (when (d, q) ∈ Ωs), while it is tangent to the zero line at

15



4.2 Dynamics Under Rational Expectations 16

x = 1 when (d, q) ∈ Ωc. It is evident from the inverse demand function, the stationarity
condition (equations (11), and equation (12)), that the parameter values of the random
process (d, q) interact in an important non linear way with the production function and
the utility function determining the critical slope of the excess price map Π in each coun-
try. Thus, as soon as the parameters do not belong to the region Ωs, the values of (d, q)
also induce a non linear impact on the local stability of the mapping G at the symmetric
steady state, a feature which is common to many symmetric dynamical systems of the
form under consideration here.

The main result of this section can be summarized as follows. Given Assumptions 1 – 3,
symmetry breaking in the sense of Matsuyama (1996) occurs whenever the parameters of
the exogenous production process leave a certain well defined set Ωs. Propositions 4 and
6 together imply that the set Ωu is non empty and that non cyclical divergence occurs
in the neighborhood of the symmetric steady state. Thus, the capital stocks of any two
countries in a world economy with capital endowments arbitrarily close to the symmetric
steady state will not converge to the symmetric steady state but rather diverge to an
asymmetric stationary allocation of capital. As a consequence, output per capita, wages,
and rates of return on capital will differ in the two countries.

Finally, one may also ask in which way asset market integration may affect the welfare in
each country. Suppose ci and ci denote the steady state consumption levels in good and
bad states in countries i = h, f respectively. Then, equation (10) implies that

ci = f(ki) − ki and ci = f(ki) − ki + xid. (37)

When the world economy converges to a symmetric steady state, then (kh, xh) = (kf , xf ) =
(k∗, 1), no matter how unequal the capital endowments in the two countries are when asset
markets are integrated. Therefore, the steady state welfare levels are identical implying
neither gain nor loss of welfare due to the integration of the asset markets. In contrast,
when the conditions of symmetry breaking hold with unequal capital endowments at the
time of integration, the steady state welfare level will be lower in the initially poor country
while it will reach a higher level in the initially rich country as a result of asset market
integration. This may be seen from the following argument.

Suppose symmetry breaking occurs and the world economy converges to an asymmetric
steady state (kh, kf ), kh 6= kf . Then, kh > kf (kh < kf ) if and only if kh

t > kf
t (kh

t < kf
t )

at the time of asset market integration. Moreover, asset price equalization implies that
equilibrium asset holdings satisfy xh > xf if and only if kh > kf , since the equilibrium
asset demand function, defined in (24), is monotonic with respect to steady state capital.
Since the steady state capital satisfies the inequality r(ki) > 1, it follows from (37) that
(ch, ch) > (cf , cf ) only if kh

t > kf
t at the time of asset market integration. Thus, under the

conditions of symmetry breaking, the initially poor country will never improve its steady
state welfare level, while the initially rich country will never loose in steady state welfare
as a result of asset market integration.

During the transition phase, however, the development of welfare is not necessarily mono-
tonic. With unequal capital levels under autarky initially, the immediate equilibrium asset
price after integration will be between the two expected prices under autarky. Therefore,

16



5 A Numerical Example 17

the old generation in the poor country will gain in welfare while the one of the rich country
looses. It is unclear for how long this effect can be maintained in the transient phase.
In the long run, however, it will not be maintained leading to lower welfare levels in the
poorer country eventually associated with lower levels of capital and of income.

5 A Numerical Example

This section presents a parameterized version of the economy described above, providing
a large and robust class of examples of economies with stable asymmetric steady states for
an admissible configuration of parameters. The example also reveals further insight into
the qualitative features of the non linearities appearing, giving evidence of the occurrence
of symmetry breaking for such economies.

Let the production function be isoelastic and of the form f(k) := Akα, and assume that
the utility function u is such that its first derivative is

u′(c) :=





exp

(
−a

c1−b

1 − b

)
if b 6= 1

c−a if b = 1.

(38)

The derivative form (38) implies a function of absolute risk aversion given by

T (c) = −
u′′(c)

u′(c)
= ac−b. (39)

This function has a constant elasticity equal to −b. The parameter a measures the scale
and b measures the curvature of absolute risk aversion. When b = 0, the absolute risk
aversion is constant, T (c) = a, while it is T (c) = ac−1 for b = 1, implying constant relative
risk aversion. Therefore, this specification includes both the CARA and CRRA utility
functions as special cases.

It is straightforward to verify that the production function satisfies Assumptions 1 and 3
when 0 < α < 0.5, and that the utility function satisfies Assumption 2 when a > 0 and
b ≥ 0. In this case, Proposition 2 implies that for any x ∈ (0, 2) there exists a unique
k satisfying (12). In order to obtain and analyze the functions π(x) and Π(x), we use
numerical procedures for which we choose the parameter values given in Table 1.

A α d q a b
1.00 0.33 6.00 0.95 0.90 0.10

Table 1: Standard parameter set

Figure 3 displays the graphs of the two functions, which have been calculated numerically
for the standard parameter set. The diagram provides the basic intuition of the role of
the non-monotonicity of the function Π for the existence of an asymmetric SREE.

17



5 A Numerical Example 18

Given the values of the parameters, one finds that the level of stationary capital described
by the function π(x) is first decreasing steeply for low values of x and increasing for large
x, see panel (a) of Figure 3. This reversal describes the optimal trade off between holding
the two assets, which derives from the interaction of a strong wealth effect induced at
low levels of the risky asset and the price effect induced from asset market equilibrium.
The primary effect of an increase in asset holdings is a decrease in the equilibrium asset
price. As asset holdings increase, young consumers have to bear more risk. However, in
spite of the decrease of the asset price, their willingness to pay for the asset declines more
quickly than the increase in their asset demand. As a result, their asset demand becomes
relatively inelastic causing asset market spending to decline and demand for capital to
increase again. This in turn causes the stationary capital level k = π(x) to rise again.
In other words, as asset holding increases the induced change of the stationary level of
capital reverses and increases again, caused by a decrease in spending on assets.

The reversal effect on stationary capital is reinforced when transmitted into the inverse de-
mand function P (k, x), as can be seen from the definition of Π(x) := P (π(x), x), equation
(21). Under the conditions of symmetry breaking, the function Π is no longer monotonic.
Given its steep negative slope at low levels of the risky asset, it becomes an increasing
function at the symmetric steady state x = 1, while reverting to a negative slope again for
larger values of the risky asset. Combined with the symmetry and the boundary behavior
of the function Π, this causes the occurrence of asymmetric steady states (see Figure
3.(b)).

0.2

0.15

0.1

0.05

0

0 0.5 1 1.5 2

kh, kf

x

(a) kh = π(x), and kf = π(2 − x)

0.25

0.1875

0.125

0.0625

0

0 0.5 1 1.5 2

ph, pf

x

(b) ph = Π(x), and pf = Π(2 − x)

Figure 3: Existence of Asymmetric Steady States

In addition to the graphical representation, it may be informative to compute the nu-
merical values at the steady states for the parameters chosen. At the symmetric steady
state, investment in physical capital and spending on the asset market account for 8.3%
and 91.7% of the wage income respectively. The annual rate of return on capital is 5.2%
and the elasticity of asset demand with respect to capital is 0.208. This together with
inequality (27) implies a critical value δ∗ = −0.06, which is a sufficient condition for
symmetry breaking. At the asymmetric steady state, the initially rich and the initially
poor countries hold xh = 1.42 and xf = 0.58 units of the asset respectively. Investment in
physical capital is 26.2% and 2.4% of their wage income respectively. While, annual rates
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6 Summary and Conclusions 19

of return on capital in the rich and in the poor country are 1.82% and 9.05% respectively.
Steady state levels of the capital stock, of wage income, and of asset holdings are higher in
the initially rich country, implying that the country with a high stationary level of capital
attains a high level of welfare as well.

6 Summary and Conclusions

The paper analyzes possible implications of unifying a market of a financial paper asset
internationally in a two country model of economic growth. The standard neoclassical
growth model of two identical countries with capital accumulation and OLG consumers
is extended to include uncertainty and a market of a financial asset, enabling the trans-
fer of ownership among generations of an exogenous random production process (a so
called “Lucas” tree). Given the uncertainty and risk aversion of consumers in an oth-
erwise standard convex environment with perfect competition and rational expectations,
the model describes growing economies with two distinct investment opportunities which
are not perfect substitutes. Therefore, consumers hold mixed portfolios in general with
endogenous substitution effects between the financial asset and real capital.

Under complete separation and autarky of such economies, with perfect competition and
rational expectations, the dynamics of capital accumulation is given by a deterministic
solution with endogenously determined asset prices, where both economies converge under
general assumptions to the same globally attracting steady state with identical capital
levels, incomes, consumptions, and asset returns. Thus, when the asset markets are
separate, capital accumulation and asset price development adjust independently in each
country leading to inter-country income convergence, regardless of whether the countries
start at different levels (poor or rich) of initial capital.

However, when a joint asset market is created (or equivalently when the two asset markets
are integrated) prior to reaching stationarity, market forces generate an unequalizing
mechanism which may prevent convergence to identical capital levels in both countries,
corresponding to a symmetric steady state of the world economy. The creation of a
joint asset market (or equivalently the integration of the two asset market) between two
such economies neutralizes all size and randomness effects between the two economies
(assuming that the random process in both countries pays the same dividend). This
implies that an asymmetry in the long run development of the world economy must be
attributed to the integration of the asset market alone. The paper identifies two sided
spill over effects between real markets and asset markets induced by portfolio behavior
of rational consumers as the major villain of an un-equalizing force of growth between
otherwise identical countries. While under autarky these forces are stabilizing within
each country, they can create diverging effects after allowing trade and the integration of
markets for financial assets.

The paper shows that there exist general conditions of consumer preferences and of pro-
duction technologies, such that additional stable asymmetric steady states appear causing
the symmetric steady state to become unstable endogenously. In this case, any heteroge-
neous initial capital endowments at the time of asset market integration become crucial in
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7 Appendix 20

determining the long run development of the otherwise identical economies. Thus, while
the clearing of the international asset market still guarantees a uniform asset price and
return in that market, capital accumulation and incomes processes in the two countries
diverge making long run incomes, consumption levels, and rates of return on capital un-
equal. The result is shown to be robust and to occur for a general setting, in particular
for economies with isoelastic production and isoelastic absolute risk aversion.

7 Appendix

Lemma 1 Let k̂ denote the unique solution of r(k) = 1 and define the function φ :

[0, k̂] → R+ as
φ(k) := (w(k) − k) (r(k) − 1) , (40)

where w and r are the functions of the wage and the interest rate respectively. If As-
sumption 1 is satisfied then φ(0) = ∞, φ(k̂) = 0, and φ is non-negative and strictly
decreasing.

Proof: Since r(k̂) = 1 it follows that φ(k̂) = 0. Assumption 1 implies that kr(k) < w(k)

on the interval [0, k̂]. This with inequality r(k) ≥ 1 implies that w(k) > k and thus

φ(k) ≥ 0 for all k ∈ [0, k̂].

In order to show that limk→0 φ(k) = ∞ we use the following argument. On the one
hand limk→0 φ(k) = limk→0 w(k)r(k). On the other hand, Assumption 1 implies that, for
sufficiently small k, f(k) = Ckα(0), where C > 0 is some constant and α(0) is the elasticity
of production at k = 0. This implies that for sufficiently small k, r(k) = Cα(0)kα(0)−1,

and w(k) = C (1 − α(0)) kα(0). Combined with the inequality α(k) < 0.5 for any k ∈ [0, k̂]
implies

lim
k→0

w(k)r(k) = C2α(0)(1 − α(0)) lim
k→0

k2α−1 = ∞. (41)

In order to show that φ is a strictly decreasing function we rewrite equation (40) as follows.

φ(k) = w(k)r(k) − kr(k) − w(k) + k = w(k)r(k) − (f(k) − k). (42)

On the one hand r′(k) < 0 and w(k) > kr(k) implying

[w(k)r(k)]′ = w′(k)r(k)+w(k)r′(k) = −kr′(k)r(k)+w(k)r′(k) = r′(k) [w(k) − kr(k)] < 0.
(43)

On the other hand r(k) ≥ 1 for k ∈ [0, k̂] implying

− [f(k) − k]′ = −r(k) + 1 < 0. (44)

It follows from inequalities (43) and (44) and from equation (42) that φ′ < 0 for k ∈ [0, k̂].

�
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Lemma 2 Define the function h : [0, k̂] × R+ → [0, 1] as

h(k, x) :=
qu′(g(k) + xd)

qu′(g(k) + xd) + (1 − q)u′(g(k))
, (45)

where u is the utility function, g(k) := f(k) − k, and f is the production function. If
Assumption 2 is satisfied, then h is non-decreasing with respect to its first and non-
increasing with respect to its second argument.

Proof: Continuous differentiability of h follows, since u and g are twice continuously
differentiable. Differentiating (45) with respect to k implies

hk(k, x) = q(1 − q)
u′′(g(k) + xd)u′(g(k)) − u′(g(k) + xd)u′′(g(k))

[qu′(g(k) + xd) + (1 − q)u′(g(k))]2
g′(k). (46)

The nominator of (46) can be further simplified.

u′′(g(k) + xd)u′(g(k)) − u′(g(k) + xd)u′′(g(k)) =

=
u′(g(k))

u′(g(k) + xd)
(T (g(k)) − T (g(k) + xd)) .

(47)

Since T (c) is non-increasing and g′(k) > 0 on the interval [0, k̂], (46) and (47) imply that
hk(k, x) ≥ 0.

In order to show that hx(k, x) ≤ 0 for a given k ∈ [0, k̂], we take the natural log on both
sides of (45) and then differentiate it. We obtain

hx(k, x)

h(k, x)
= −T (g(k) + xd) (1 − h(k, x)) g′(k). (48)

(48) implies that

hx(k, x) = −T (g(k) + xd) (1 − h(k, x)) h(k, x)g′(k). (49)

Since h(k, x) ∈ [0, 1] and g′(k) ≥ 0, (49) with Assumption 2 implies that hx(k, x) ≤ 0.

�

Proof of Proposition 1: Rewrite the consumer’s optimization problem as

max
x∈B(w,p)

qu(c) + (1 − q)u(c), (50)

where c1 = wr1 + xd− x(pr1 − p1) and c1 = wr1 − x(pr1 − p1). Let L(x) ≡ qu(c1) + (1−
q)u(c1), then L′(x) = qu′(c1) (d − (pr1 − p1)) − (1 − q)u′(c1) (pr1 − p1). From concavity
of the utility function it follows that L′′(x) < 0 for any x ≥ 0.

1) Suppose pr1 ≥ p1 + qd then the optimal asset demand is zero. Since

L′(0) = u′(wr1) [qd − (pr1 − p1)] ≤ 0 (51)
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and L′′ < 0 it follows from the Kuhn-Tucker conditions that x = 0 is an optimal solution.

2) Suppose pr1 ≤ p1. Then consumptions in a good and bad states, c and c, are both
increasing functions of x. Since the utility function is strictly increasing, it follows that
the agent will invest all his wage income in the asset market and make no investment in
physical capital and thus the optimal demand is x = w/p.

3) Suppose p1 < pr1 < p1 + qd and let x ≡ wr1/(pr1 − p1) > 0. Then depending on
whether L′(x) is positive or negative we can have either a corner or an interior solution.
A unique corner solution x = w/p exists when

L′(x) = qu′ (xd) (d − (pr1 − p1)) − (1 − q)u′(0) (pr1 − p1) > 0. (52)

Otherwise there exists a unique and interior solution solving the equation L′(x) = 0. Let
x = ϕm(p1 − pr1, wr1) denote the solution. Applying the Implicit Function Theorem one
finds that ϕm is increasing with respect to both arguments. In addition, asset demand
satisfies the boundary condition. As p ↓ p∗1 ≡ p1/r1, then the asset demand grows
unboundedly. This implies that there exists a constant p∗2 ∈ (p∗1, p

∗

3) such that
p∗2ϕm(p1 − p∗2r1, wr1) = w.

�

Proof of Proposition 3: Let us first show that G ′ ≤ 0 implies a contradiction. Differ-
entiating the price law (16) we obtain that at an SREE, k = G(k), the following equation
should be satisfied

P ′(k) − S1w
′(k) = S2r

′(k)G ′(k) + S3P
′(k)G ′(k), (53)

where S1, S2, and S3 are the partial derivatives of the function S with respect to its first,
second, and third arguments respectively.

Since S1 ∈ [0, 1] and G ′ < 0, it follows that the left hand side of (53) is positive because,

P ′(k) − S1w
′(k) = w′(k) − G ′(k) − S1w

′(k) = (1 − S1)w
′(k) − G ′(k) > 0. (54)

The inequalities S2 < 0, S3 > 0, r′ < 0, P ′ = w′−G ′ > 0 and G ′ < 0, imply that the right
hand side of (53) is non-positive, because

S2r
′(k)G ′(k) + S3P

′(k)G ′(k) = (S2r
′(k) + S3P

′(k))G ′(k) ≤ 0. (55)

But the inequalities (54) and (55) contradict (53) and thus G ′ > 0.

Now, let us show that 0 < G ′(0) = γ < ∞ implies a contradiction. By dividing both sides
of (53) by w′(k) we obtain

P ′(k)

w′(k)
− S1 =

(
S2

r′(k)

w′(k)
+ S3

P ′(k)

w′(k)

)
G ′(k). (56)

Taking the limit of both sides of (56) as k → 0 we obtain

lim
k→0

P ′(k)

w′(k)
− S1 = 1 − S1 ∈ [0, 1], (57)
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and

lim
k→0

(
S2

r′(k)

w′(k)
+ S3

P ′(k)

w′(k)

)
G ′(k) = lim

k→0

(
−S2

1

k
+ S3

)
γ = ∞. (58)

(56), (57), and (58) imply a contradiction and thus G ′(0) = ∞.

Since the time one map of capital accumulation is a strictly increasing function with two
fixed points k = 0 and k = k∗, G ′(0) = ∞ implies the instability of the corner steady
state and the stability of the interior SREE.

�

Proof of Proposition 4: In order to show existence of interior asymmetric steady states
we rely on the property of the function Ψ. Since Ψ(1) = 0, Ψ(0) = ∞, and Ψ(2) = −∞, it
follows that the condition Ψ′(1) > 0 is sufficient for existence of interior asymmetric steady
states. (22) implies that Ψ′(1) = 2Π′(1) and thus Π′(1) > 0 is sufficient for existence of
interior asymmetric steady states.

Since P (k,X(k, p)) ≡ p we obtain that Xk(k
∗, p∗) = −Pk(k

∗, 1)/Px(k
∗, 1) and the inequal-

ity (27) implies

ǫ∗ <
1

s∗

(
α∗

σ∗
− 1

)
+ 1 ⇔ −

kPk(k
∗, 1)

Px(k∗, 1)
<

w(k∗)

p∗
w′(k∗)k∗ − k∗

w(k∗)
. (59)

Inequality (59) implies

−
Pk(k

∗, 1)

Px(k∗, 1)
<

w′(k∗) − 1

p∗
⇔ p∗Pk(k

∗, 1) + (w′(k∗) − 1)Px(k
∗, 1) < 0. (60)

The following two identities Π(x) ≡ P (π(x), x) and w(π(x)) − π(x) ≡ Π(x)x imply that

Π′(1) = Pk(k
∗, 1)π′(1) + Px(k

∗, 1) and (w′(k∗) − 1) π′(1) = Π(1) + Π′(1). (61)

By solving the above system with respect to π′(1) and Π′(1) we obtain

Π′(1) =
p∗Pk(k

∗, 1) + (w′(k∗) − 1)Px(k
∗, 1)

w′(k∗) − 1 − Pk(k∗, 1)
and π′(1) =

p∗ + Px(k
∗, 1)

w′(k∗) − 1 − Pk(k∗, 1)
.

(62)
Stability of the unique interior steady state in the closed economy implies that w′(k∗) −
1 − Pk(k

∗, 1) < 0, which with inequality (62) implies that if inequality (61) is satisfied
then Π′(1) > 0.

�

Proof of Proposition 6: Evaluating the Jacobian matrix at the symmetric steady state,
one finds that the trace T and the determinant D are related by

T = 2G1 and D = G2
1 − G2

2 , (63)

where G1 ≡ G1(k
∗, k∗) and G2 ≡ G2(k

∗, k∗) are the derivatives of the function G with
respect to its first and second argument respectively, evaluated at the symmetric steady
state. Since T 2−4D = 4G2

2 > 0 it follows that both roots of the characteristic polynomial

λ2 − Tλ + D = 0, (64)
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are real with λ1 = G1 + G2 and λ2 = G1 − G2. Equations (31) and (32) imply that the
functions G1 and G2 satisfy the system of equations

{
G1 ≡ w′ − (ϕ1w

′ + ϕ2r
′G1 + ϕ3 (P1G1 + P2G2) + ϕ4P1)P − ϕP1

G2 ≡ − (ϕ2r
′G2 + ϕ3 (P1G2 + P2G1) + ϕ4P2)P − ϕP2,

(65)

where {
P1 ≡ S1w

′ + S3r
′G1 + S4r

′G2 + S5 (P1G1 + P2G2)

P2 ≡ S2w
′ + S3r

′G2 + S4r
′G1 + S5 (P1G2 + P2G1) .

(66)

Clearly, at the symmetric steady state, S1 = S2, S3 = S4, and therefore, P1 = P2 holds.
This property together with equation (66) implies that

P1 = S1w
′ + S3r

′(G1 + G2) + S5P1(G1 + G2). (67)

Applying similar arguments as those used in the proof of Proposition 3, one finds that λ1

satisfies λ1 = G1 + G2 ∈ (0, 1). From the system of equations (65) one obtains that the
second root of the characteristic equation satisfies

λ2 = G1 − G2 =
w′ (1 − ϕ1P)

1 + ϕ2r′P
> 0, (68)

since ϕ1P < 1, ϕ2 < 0, and r′ < 0. Therefore, λ1 ∈ (0, 1) and λ2 > 0 implies that the
symmetric steady state can loose its stability only by undergoing a fold bifurcation. This
proves 1.) and 3.).

To show property 2.), we first show that when δ∗ = 0 then λ2 defined in equation (68)
satisfies, λ2 = 1. Equation δ∗ = 0 implies that

ǫ∗ =
1

s∗

(
α∗

σ∗
− 1

)
+ 1 ⇔ k∗X(k∗, p∗) =

w∗

p∗

(
k∗f ′(k∗)

f(k∗)

f(k∗)w′(k∗)

f ′(k∗)w(k∗)
− 1

)
+ 1. (69)

(69) implies

k∗X(k∗, p∗) =
k∗w′(k∗) − w(k∗) + p∗

p∗
⇔ p∗X(k∗, p∗) = w′(k∗) − 1. (70)

Since X(k, p) = ϕ(w(k), r(k), p, p), it follows from (70) that

p∗ (ϕ1w
′(k∗) + ϕ2r

′(k∗)) = w′(k∗) − 1

Combined with (68), this implies λ2 = 1. Therefore, from (69) and (70) one has that
(d, q) ∈ Ωu := {(d, q) ∈ Ω|δ∗ < 0} implies λ2 > 1, and (d, q) ∈ Ωs implies λ2 < 1.

�
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